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ABSTRACT 

We find topological defect solutions to the equations of motion of a generalised 
Higgs model with antisymmetric tensor fields. These solutions are direct higher 
dimensional analogues of the Nielsen-Olesen vortex solution for a gauge field in 
four dimensions. 



1. Introduction 

It is well known that the Higgs-mechanism 0] involving a complex scalar and a vec- 
CS| ' tor particle can be extended to antisymmetric tensor fields 0. The formal extension 

^ ■ consists in a model containing a (h-l)-form, an h-form and a scalar field with a Higgs 

^ . type Lagrangian in a spacetime of arbitrary dimension D = d + 1. When the scalar 

On \ field gets a vacuum expectation value, the h-form eats the degrees of freedom of the 

(h-l)-form and acquires a mass. 
■ In this paper we will look for solutions to the equations of motion of the generalised 

^ ■ Higgs model. We will work in close analogy to the paper of Nielsen and Olesen |^ 

<3\ • on the vortex-solution in four dimensions (also of use in superconductivity). In the 

same approximation as in P], we will find topological defect solutions that extend 
over d — h — 1 dimensions. 

These solutions have their importance in the study of the different phases in antisym- 
' metric tensor field theories and they play a role in determining the physical content 

IQ of a brane-antibrane system after tachyon condensation ^ . 

H ' 2. The antisymmetric tensor Higgs model 

We study a model in D = d + 1 dimensions with the following field content: an 
antisymmetric tensor of degree h, Uh, an antisymmetric tensor of degree h — 1, Ch-i 
and a scalar field /. We consider the following action [|: 

S = j d'^+^x {duh * duh + df*df 

-mUf{dCh-i + qcoh) * {dCn-i + qu^) - U{f)), (2.1) 

where m{f) and U (/) are general functions of the scalar field. The gauge symmetries 
of this action are: 

5ujh = deh-i 
SCh^i = -qeh-i + dCh^2- (2.2) 



^ troost@tena4.vub.ac.be; Aspirant F.W.O. 

^When using form-notation we will be sloppy with numerical factors, but in component form we 
believe to have every factor straight. 
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If the scalar field / acquires a vacuum expectation value, it is appropriate to use the 
gauge freedom to gauge away the (h-l)-form Ch-i completely. A massive h-form ojh 
and a real scalar will be left as physical fields, as in the ordinary Higgs-mechanism. 
Later on we will make use of a specific form of the potential: 

Uif) = -c,f + cj\ (2.3) 

where we took over some of the conventions of 0] for easy comparison. Note that for 
D = 4 and h = 1 and the quartic potential, the model matches up with the Higgs- 
model, where ui is the gauge field, Cq represents the phase of the complex scalar, and 
/ its modulus. The function m{f) is then given by m{fY = P- 
The Lagrangian is expressed in component form as follows: 

C 1 

^J\^\ ^ ~ 2{h + 1)! ^ ^)^\MH+i^M,...M^]f 

-\{dMff - m{ff^{hdyM,CM,...M,_,] + qu^M,...M,f - U{f) (2.4) 
The equations of motion corresponding to this Lagrangian are: 

= ^dM,,,M{duf''^^^^'---''- 



-mUfq^hd'^^^C'^'-''^-'^ + qu^'-^'^) (2.5) 



-l^m{f)m{fy{hd[M,CM,...M,^,] + quJM....M,f - U{f)' (2.6) 

= aAfi(v1^m(/)2(/ia[*''^C*'^^-^-^'^-i] + gt^*^i-^-^'^)), (2.7) 

where a prime denotes differentiation with respect to /. The last equation is the 
equation of motion corresponding to the C/i_i form. It merely states that the h-form 
Uh couples to a conserved current 

j^^-^>^ = qJ\^\m{ff{hd^^'^C'''-^'^--^+qu^^-^'^). (2.8) 



3. Ansatz and solution 

In close analogy to 0, we will look for a topological defect solution of dimension 
d — h — 1. The (h+l)-form field strength will measure the number of topological 
defects passing through a h + 1 dimensional plane perpendicular to the defects. We 
can define a magnetic flux $ flowing through a (h+l)-dimensional ball and calculate 
it in terms of the (h-l)-form field strength 

$ = / duh 

= UJh 

Js'' 

= -- I dCn-i, (3.1) 
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where we have used the fact that there is no current over the h-sphere that is the 
boundary of the (h+l)-ball. 

We consider an ansatz with ^(^(/i+l) xPoincare {d—h—1, 1) symmetry. We use the 
following coordinates adapted to the symmetry: (r, 0, 6*1, ... , 9h-i,t, zi, . . . , Zd-h-i) 
The ansatz reads in these coordinates: 

iUh = \u{r)\r^dnh (3.2) 

cti = h-i{±h-i + fh-i{0h-i))dnH^i (3.3) 

where dflh denotes the volumeform of the h-sphere with volume Sh- Moreover we take 
the constants kh-i and Ih-i to be 

kh-i = — 

Sh 

= .^r(^) (3.4) 

— -TTTThTTT^ y"^-^) 
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and the function fh_i satisfies 

d 



fiOh-i) = sin'^-^0,_i, (3.6) 



dOh^i 

following p . From these formulae we easily derive: 

duh = dr{\uj\r'') dr A dQh (3.7) 
dCh-i = kh-isin^'^ 9h-id9h-i A d^h-i 

= kh-idVLh (3.8) 



The (h-l)-form ansatz is chosen such that from the formula for the flux ( p.l| ), we can 
conclude that there will be a topological defect in the (t, zi, . . . Zd-h-i) direction. Fill- 
ing in the ansatz in the equations of motion results in the following set of differential 
equations: 

= If^drir'^drf) 

-m{f)m{f)\^ + q\u\f-UUy (3.9) 

= dr{l-,dr{\u:\r^))-m{ffq{q\u\ + ^) (3.10) 

Following 1^ , we consider the situation in which / tends to a constant value at infinity 
(transverse to the topological defect). In that approximation, we can solve (|3.1CI| ) for 
I a; I in terms of modified Bessel functions Q: 



\u\ 



J_ + -{qmry+^K^i^qmr) (3.11) 
q r'^ q 



^ For the case /i = 1 it is clear that the magnetic flux is quantized js) . For h — 2 see . To us it 
seems that in the case h> 2 you could suppose the existence of an electric charge for the (h-l)-form 
to have quantization of the magnetic flux for the h-form, reasoning along the lines of 

"^Details of the standard manipulations are in the first appendix. 
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where the index of the modified Bessel function is given hj u = and c is an 
integration constant. The magnetic field strength becomes: 

\H\ ^ ^.dAr'H) 

= cm{qmr)~'^~^^ K,^^i(qmr) (3-12) 

where we have used a property of the modified Bessel function given in the second 



appendix ( p.3|) . The asymptotic behavior of the magnetic field is then (|B.2 




= c./^(gmr)-'^+ie-'^™'^ + ... (3.13) 
y 2qr 

We can define a characteristic length measuring the distance over which the magnetic 
field differs appreciably from zero: 

A = — (3.14) 
qm 

This is the analog of the penetration depth in superconductivity. 

We turn now to the other equation of motion ( p.9|) , the one corresponding to the 
scalar field / . We will restrict from this point on to the special case of a quartic Higgs 
potential ( p.3|) . If we assume that the deviation of the h-form from — is negligable 
compared to the effect of a steep potential, in other words, if the coefficients C2 and 
C4 are large, then (|3.9|) is approximately satisfied if / takes the constant value that 
minimizes the potential: 

</> = 

^ (3.15) 

To get an idea of the position dependence of / we consider fiuctuations around its 
vacuum expectation value 0: 

/ = v + p{r) (3.16) 
At infinity we find an approximate solution 

p{r) ^ e-^' (3.17) 
giving rise to a new characteristic length, 

e = (3.18) 
V4c2 

the generalisation of the correlation length in superconductivity. It is nothing but the 
inverse of the mass of the Higgs-particle, and it measures the distance over which / 
differs appreciably form its vacuum expectation value. All of this to spell out that the 
behavior of the fields is analogous to the well known special case of the Nielsen-Olesen 
vortex-solution, due to the general properties of the modified Bessel functions. We 
further remark that to have a clear corelike topological defect of dimension d—h—1, we 
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need ^ and A both small. For r << A we require that the magnetic flux $ = y(S''*) Ic^l 
vanish, fixing the integration constant to: 

c = {2n)-''+\qm)'', (3.19) 



where we made use of formula ( p.l|) in the appendix, (|3.4| ) and (|3.11|) . This finishes 
the discussion of the approximate solution. 

4. A remark 

For some applications it is useful to have an estimate of the energy density of the 
d — h — 1-dimensional topological defect. In the idea was to match up the energy 
density of the vortex with the string tension of the dual string model. The reasoning 
was that the string model would be a good effective description of the field theory in 
a regime where the vortex solution becomes the most important classical solution to 
the action 0. Then you can link the field theory parameters to the string tension. 
Following we can study the special case of the membrane-like solution in 
D = 5 + 1 and with h = 2 and try to match its energy density to the M2-brane 
tension. We only make a rough analysis, indicating that this is less straightforward. 

Treating the mass m as a constant, the magnetic contribution to the energy density 
is in the general case : 
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From the asymptotic behavior of the modified Bessel functions ( [B.2| ), it is clear that 
the integrand converges fast enough at infinity, but near z = (p.l| ), the integrand 
behaves as For a finite result we thus need h < 3. Then the integral is of order 

unity and the magnetic energy density of order 

^ q'^'^m^^^ (4.2) 

The contribution to the energy density of the topological defect due to the scalar 
field / can roughly be approximated by f^: 

(4.3) 



C2 



3-h 
2 



C4 

We note that for h = 1 and m = v = the two estimates match For other 
values of h like h = 2 the naive analysis gives an ambiguous result. We will not pursue 
this here. Notice though, that our sketchy analysis of the asymptotic behavior of the 
magnetic field and the energy density is finer than the one in [Q. 

5. Conclusions 

We studied Higgsed antisymmetric tensor field theories. Specifically we searched 
for and found topological defect solutions, generalizing the work by Nielsen and Olesen 



5 



on vortex solutions in four dimensions . We wrote down the approximate behavior 
of the fields at infinity in terms of modified Bessel functions, making use of the 
assumption that the scalar field there reaches a constant vacuum expectation value. 
We briefly indicated the possibility of identifying the energy density of the topological 
defect solutions in terms of field theory parameters, with possible other descriptions 
of the same objects. We hope that these explicit solutions may be of benefit to a study 
of the phases of antisymmetric tensor theories and to the study of brane anti-brane 
systems in string theory. 

Acknowledgments: Thanks are due to Fernando Quevedo for advice and to Alex 
Sevrin and Walter Troost for useful discussions. 
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APPENDIX 



A. Solution of the differential equation 

We solve the differential equation (|3.10| ): 

= dri^dr{\co\r'^))-miffqiq\u\ + ^) 

for constant / by standard techniques. First, we define a new unknown function, fl, 
and a new variable z : 

n = \u;\ + '^\ (A.l) 
z = qmr (A. 2) 

In terms of the new variables the differential equation takes the form: 

d^d^VL+-d,VL = n + ^n (A.3) 
z z^ 

To bring this to a well known form, we define still another function X = Qz^~ , in 
terms of which the differential equation reads: 

d,d,X + -d,X = (1 + 4)X (A.4) 

z z-^ 

where v = Excluding the solutions which blow up at infinity, we find the 

following standard solution for X in terms of modified Bessel functions, including an 
integration constant: 

X = -K{z) (A.5) 
Q 

Returning to the original variables gives: 

n = {qmr)~'^^^-Ky{qmr) (A. 6) 



- + -{qmr)'"^^ Ki,{qmr) (A. 7) 



q r" q 



B. Some properties of modified Bessel functions 

For easy reference we list here the asymptotic behavior of the modified Bessel 
functions and a property of the derivative that we will need in the body of the 
text: 

2-^0 

Kq{z) ^ -\ogz 

K{z) ^ Imil^)-" (B.l) 
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2; — > oo 

V Zz 

Ko{z)' = -K^{z) 

--^{z'^K^iz}) = z''-'K,.i{z) (B.3) 
z az 
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